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A NOTE ON AN EFFECTIVE POLISH TOPOLOGY
AND SILVER’S DICHOTOMY THEOREM
RAMEZ L. SAMI
ABSTRACT.
• We define a Polish topology inspired from the Gandy-Harrington topology and show how it can
be used to prove Silver’s dichotomy theorem while remaining in the Polish realm.
• In this topology, a Π11 equivalence relation decomposes into a “sum” of a clopen relation and a
meager one.
• We characterize it as the largest regular toplogy with a basis included in Σ11 .
Jack Silver’s remarkable dichotomy theorem is the statement: A Π11 equivalence relation on a
Polish space either has countably many classes, or a perfect set of mutually inequivalent elements.
Silver’s proof [S] mobilized ℵ1 distinct cardinals, and forced over a model of set theory.
Mercifully, some years later, Leo Harrington produced a much milder forcing proof [H], formalizable
in analysis. Alain Louveau evolved this into a purely topological proof [L], bringing forth the
Gandy-Harrington topology: SGH = the topology generated by the (lightface) Σ11 subsets of the
Baire space N .
While (N,SGH) is a Baire space in a strong sense,1 it is not Polish, disallowing the use of familiar
“Polish space arguments”. See [KM, §9], [G, §5.3], or [MW, §8] for detailed expositions.
The purpose of this brief note is to introduce the Σ∆-topology, inspired from SGH, which is
Polish, and provides a streamlined proof of Silver’s theorem — still, the main ideas go back to
Harrington and Louveau. This topology turns out to be a natural object, being characterizable as the
largest Polish (or just regular) effective topology on N — meaning, with a basis included in Σ11.
In the same spirit, we believe that the proofs of several important results built upon the Gandy-
Harrington topology (such as, inter alia, the main results of Harrington, Kechris & Louveau [HKL])
can be simplified and streamlined in the more natural context of the Σ∆-topology.2
In §1 we define the topology, prove it is Polish, and develop its basic properties. We apply these
to give in §2 the proof of Silver’s theorem, showing on the way that a Π11 equivalence decomposes
into a “sum” of a clopen relation and a meager one. In §3 the characterization theorem is proved.
1. THE Σ∆-TOPOLOGY
N shall denote the standard Baire space ωω =NN (the set of reals). Throughout, Σ11, Π11 , and ∆11
denote the lightface classes of subsets of N , or N2. We refer to Moschovakis [Mo] for effective
descriptive set theory: all results in this note translate readily to recursively presented Polish spaces.
1.1. Definition.
(1) The ∆-topology is the topology with basis the ∆11 subsets of N , denoted S∆.
(2) The Σ∆-topology is the topology with basis the Σ11 subsets of N that are S∆-closed.
Observe that a set A ⊆ N is S∆-closed just in case A =⋂{D ∈ ∆11 | D ⊇ A}.
The Σ∆-topology is the finer one, and its basis, as defined above, consists of clopen sets — both
topologies are zero-dimensional. Dually, a Π11 set which is a union of ∆
1
1 sets is also clopen for the
Σ∆-topology. Observe that ∆11 functions N →N are continuous for either one.
2010 Mathematics Subject Classification. Primary: 03E15; Secondary: 28A05, 54H05.
1 It was shown by Louveau to be a strong Choquet space, see [HKL, §4.2].
2 The present note greatly antedates the more recent “back-to-classical” movement developed con maestria in
Ben Miller’s [Mi]. We still hold that effective methods will often yield simpler proofs of stronger and finer results.
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We are only interested here in the Σ∆-topology. The ∆-topology serves only as a prop, though it
may be of use in other contexts. We first show that both topologies are Polish — indeed, under
adequate closure conditions, a topology generated by a countable collection of Borel sets, over a
base Polish topology, is Polish. For X ⊆ P(U), let 〈X〉U , or just 〈X〉, denote the topology generated
by X. The following proposition is quite familiar.
1.2. Lemma.
(1) Let Ti, i < ω, be Polish topologies on a set U such that ⋂i<ω Ti is Hausdorff. The topology
〈⋃i<ω Ti〉 is Polish.
(2) Let F be a countable collection of closed sets in a Polish space (U,T). 〈T ∪F 〉 is a Polish
topology.
Proof. 1. Set P =∏i(U,Ti). Being a countable product of Polish spaces, P is Polish.
Set Tω = 〈⋃i Ti〉. Easily, (U,Tω) is homeomorphic to the diagonal D of P, and the hypothesis
“
⋂
i Ti is Hausdorff ” entails that D is closed in P, thus D is a Polish subspace. Hence the conclusion.
2. For a closed F ⊆ U, set O = ∼F. Both F and O are Polish subspaces. The space (U, 〈T ∪ {F}〉)
is homeomorphic to the direct sum F ⊕O, hence it is Polish. Now, for a countable collection of
closed sets F , 〈T ∪F 〉 is generated by⋃F ∈F 〈T ∪ {F}〉. Thus the conclusion, invoking (1). 
1.3. Theorem. The ∆-topology and the Σ∆-topology are both Polish.3
Proof. For ν, 1 6 ν 6 ωCK1 , set Tν = 〈Bν〉, where
Bν =⋃ξ<ν(Σ0ξ ∪Π0ξ ).
We check, by induction on ν, that the topology Tν is Polish.
T1 is the standard topology onN . For ν = µ+1, observe that Tµ+1 = 〈Tµ ∪Σ0µ ∪Π0µ〉, and Σ0µ ⊆ Tµ,
hence Tµ+1 = 〈Tµ ∪Π0µ〉 and Π0µ is a countable collection of Tµ-closed sets. Thus, by the lemma-(2),
Tµ+1 is Polish. Finally, for ν limit, easily Tν = 〈⋃16ξ<ν Tξ 〉, hence Tν is Polish, by the lemma-(1).
Now ∆11 = BωCK1 , thus the ∆-topology S∆ = 〈BωCK1 〉 is Polish.
As to the Σ∆-topology: it is generated over S∆ by a countable collection of closed sets
(the S∆-closed Σ11 sets), it is thus Polish, by the lemma-(2). 
Notation. S shall denote the Σ∆-topology on N , and S2 the Σ∆-topology on N2. S2 is just a
recursively homeomorphic copy of S. S×S denotes the usual product topology.
S2 is strictly finer than S×S, as the diagonal {(x, x) | x ∈ N } is open for S2, and not for S×S.
Note that Σ11 sets being analytic for S, S×S or S2, as may be, have the Baire property there.
• Save for explicit mention, topological terms henceforth are relative to the Σ∆-topology S, or to
the product topology S×S.
Let LO and WO denote the sets of reals coding linear and well-orders with field in ω. For α < ω1,
WOα and WO<α are self-explanatory. LO is clopen. If u ∈ LO, then for k ∈ ω, uk codes
<u restricted to {n ∈ ω | n <u k }, else uk codes . The function (u, k) 7→ uk is continuous.
1.4. Theorem.
(1) The set G = { x ∈ N | ωx1 = ωCK1 } is a dense Gδ .
(2) Every nonempty Σ11 subset ofN is nonmeager (and identically for subsets ofN2 relative to S2).
Proof. 1. By Gandy’s basis theorem, every nonempty Σ11 set meets G. Basic open sets being Σ11,
G is dense. Note that, for ξ < ωCK1 , WOξ is ∆11 thus:
3 Dominique Lecomte has pointed to us that Louveau was first to show that the ∆-topology is Polish (with a fairly
elaborate argument).
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– WO<ωCK1 is clopen, for it is a Π
1
1 union of ∆
1
1 sets, and
– WOωCK1 is closed, as it is an intersection of clopen sets:
x ∈WOωCK1 ⇐⇒ x ∈ LO & x <WO<ωCK1 & ∀k ∈ ω(xk ∈WO<ωCK1 ).
Let now ( fk)k<ω list the total recursive functions N →N . The fk’s are continuous, and
G = { x ∈ N | ∀k( fk(x) <WOωCK1 )} =
⋂
k f −1k [∼WOωCK1 ].
Hence G is a countable intersection of open sets: it is a Gδ , and dense.
2. Let A be Σ11 nonempty. Set A
− = A∩ G, by Gandy’s theorem A− , . A− being Σ11, let
F :N →N be recursive, such that x ∈ A− ⇔ F(x) <WO. Note that
x ∈ A− ⇐⇒ x ∈ G & F(x) <WO<ωCK1 ,
thus A− is a nonempty intersection of the dense Gδ set G with a clopen set: it is nonmeager. 
Observe that, whereas in the Gandy-Harrington topology Σ11 sets are open (and nonmeager), here
nonempty Σ11 sets are merely nonmeager, which is strength enough for the applications. No Polish
topology on N can include the class Σ11 (see the comments following 3.1).
1.5. Proposition. If A ⊆ N is comeager, A2 is S2-comeager.
Similarly, if A is comeager in an open set U ⊆ N , A2 is S2-comeager in U2.
Proof. We may take A to be a dense Gδ . Easily, A×N is S2-Gδ . We now check that it is also
S2-dense, hence S2-comeager.
Let O ⊆ N2 be S2-basic-open, nonempty. Its first projection pi1[O] is Σ11 nonempty, hence
nonmeager by Theorem 1.4-(2). Consequently, pi1[O]∩ A , , i.e., O∩(A×N) , .
Symmetrically, N × A is S2-comeager. Hence A2 = (A×N)∩ (N × A) is S2-comeager. 
2. Π11 EQUIVALENCE RELATIONS
The following result may well have started the descriptive set theory of equivalence relations.
Theorem (Jan Mycielski). Let E be an equivalence relation on a Polish space Z . If E is meager
in the product Z × Z , then E has a perfect set of mutually inequivalent elements.
Proof. See [G, §5.3.1], or [KM, §9.2] for a more general version of the theorem. 
Recall that, by the Kuratowski-Ulam theorem, an equivalence relation on a Polish space, having
the Baire property, is meager in the product space if, and only if, all of its classes are meager.
2.1. Lemma. Let E be a Π11 equivalence relation on N , C a nonmeager E-class, and let C◦ be
its interior.
(1) C◦ , .
(2) C◦ is a union of ∆11 sets.
Proof. 1. LetU be basic-open nonempty such thatC is comeager inU. We claim thatU ⊆C. Using
Proposition 1.5, C2 is S2-comeager in the open set U2, and evidently C2∩(U2−E) = . Thus, the
Σ11 set U
2−E is S2-meager. By Theorem 1.4-(2), it must be empty, that is U2 ⊆ E , and thus U ⊆ C.
2. Let U ⊆ C be basic-open, nonempty. C is Π11 , for U is Σ11 and
x ∈ C ⇐⇒ ∀y (y ∈ U ⇒ yE x).
Σ11 separation yields a ∆
1
1 set D such that U ⊆ D ⊆ C. Since D is open, D ⊆ C◦. Consequently,
C◦ =
⋃{D ∈ ∆11 | D ⊆ C }. 
Remark. The argument in (1) extends to: if C is nonmeager in an open U ⊆ N , then (C∩U)◦ , .
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2.2. Theorem (Silver’s Dichotomy theorem). Let E be a Π11 equivalence relation on N . EitherN/E is countable or E has a perfect set of mutually inequivalent elements.
Proof. We decompose N into two clopen subspaces N = H ⊕ Z such that EH has countably many
classes, and EZ is meager, where EX denotes E ∩(X × X).
Set H =
⋃{C◦ | C ∈ N/E }, and Z = ∼H.
We check that H is clopen: by the above lemma, it is a union of ∆11 sets. It suffices thus to verify
that it is Π11 , indeed,
x ∈ H ⇐⇒ ∃D ∈ ∆11(x ∈ D & D2 ⊆ E).
This yields a Π11 definition of H, through the usual coding of ∆
1
1 sets.
– EH has countably many classes, evidently.
– EZ is meager. Indeed, in the clopen subspace Z (if nonempty) all EZ -classes have empty interior,
hence are meager, by the last remark. Thus the conclusion, by the Kuratowski-Ulam theorem.
Now if Z ,, then by Mycielski’s theorem applied to EZ there is a perfect set P ⊆ Z of mutually
inequivalent reals. P contains a copy of the Cantor space 2ω, which is perfect for the standard
topology. 
It is interesting to rephrase the crux of the above argument as a decomposition theorem.
2.3. Theorem. Given a Π11 equivalence relation E , N decomposes into two clopen subspacesN = H ⊕ Z such that EH is clopen in H, and EZ is meager in Z .
Proof. With H and Z defined as above, it remains to check that EH is clopen in H. This is
immediate for, setting I = {C◦ | C ∈ N/E }, one has
EH =
⋃{X × X | X ∈ I},
H2−EH = ⋃{X ×Y | X,Y ∈ I & X , Y }.
Both EH and its complement in H2 are unions of open sets. 
As has been observed, Harrington’s argument yields fine effective consequences beyond Silver’s
dichotomy result, e.g., in a Π11 equivalence relation with countably many classes all equivalence
classes are Π11 — and clopen for the Σ∆-topology S.
3. CHARACTERIZING THE Σ∆-TOPOLOGY
We proceed now to show that the Σ∆-topology S, far from being an ad-hoc construction, is the
largest Polish topology with a basis included in Σ11 — indeed, the largest such regular topology.
We propose here a fairly relaxed notion of effective topology.
3.1. Definition. A topology on N is said to be an effective topology if it has a basis included in Σ11.
Examples of natural effective topologies abound. In this paper, apart from the standard topology,
the Gandy-Harrington topology, the ∆-topology and the Σ∆-topology are all effective. On the other
hand, we know that if T ⊇ O is a Polish topology on N , where O is the standard topology, the
identity map (N,T)→ (N,O) being continuous, all T -open sets are Borel for O. Consequently,
no Polish topology on N can include all the Σ11 sets.
For A ⊆ N , A∆ shall denote the S∆-closure of A.
3.2. Lemma. For all A ∈ Σ11, A∆ is Σ11, hence A∆ is S-open (as well as S-closed, evidently).
Proof. Let A ∈ Σ11. x ∈ A∆ if, and only if, every ∆11 set containing x meets A, i.e.,
x ∈ A∆ ⇐⇒ ∀D ∈ ∆11(x ∈ D ⇒ ∃y ∈ D∩ A).
Using the usual coding of ∆11 sets, A
∆ is seen to be Σ11. By definition of the Σ∆-topology, A
∆ ∈ S. 
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3.3. Theorem. If T is a regular effective topology on N , then T ⊆ S.
Proof. Let B ⊆ Σ11 be a basis for T . Fix O ∈ T , and set F = ∼O.
For x ∈ O, by regularity of the topology T there are Ux ∈ B, and V ∈ T such that x ∈Ux , V ⊇ F,
and Ux ∩V = . Say V =⋃iVi, where Vi ∈ B.
For every i < ω, since Ux and Vi are Σ11 and disjoint, Σ
1
1 separation yields Di ∈ ∆11 such that
Di ⊇ Ux and Di ∩Vi = . Set CUx =
⋂
i Di, CUx is S∆-closed, and x ∈ Ux ⊆ CUx ⊆ O. Hence
x ∈ Ux∆ ⊆ O. Since Ux is Σ11 then, by the previous lemma, Ux∆ is S-open. x ∈ O being arbitrary,
O is S-open. We have shown T ⊆ S. 
One natural question comes to mind in relation to the Σ∆-topology: are there interesting metrics
compatible with S?
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